Convolution Integral



Given two functions f,(t) and fy(f), which are
zero for ¢ < 0, the convolution theorem states that if the transform of

(1) is Fy(s), and if the transform of fy(r) is Fy(s), the transform of the
convolution of f,(t) and f(f) is the product of the individual transforms,

F(s) F,(s), that is,

[ 56 -0 dr| = R i 7.97
where the integral [ “ fit = 7) fo(r) dr

is the convolution integral or folding integral, and is denoted operationally
as

 [Ue = st dr = 1050 (199



Convolution integral(cont...)

Proof, Let us prove that £[fi*f] = FyFy. We begin by writing

LA A =Lm€““[ J:fl(' = )fir) d‘f} dt (199)

From the definition of the shifted step function
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we have the identity
Jfl(r — 7)fy(7) dr —J. filt =u(t —7)f(r)dr  (7.101)
Then Eq. 7.99 can be written as
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If we let z = { — 7 so that
E'-" — E—J{:ﬂ} (7‘103)



then Eq. 7.102 becomes
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= Fy(5) Fils) (7.104)

The separation of the double integral in Eq. 7,104 into product of two
integrals is based upon a property of integrals known as the separability

property.



THE DUHAMEL SUPERPOSITION INTEGRAL

this section we will stu}iy the Duhamel superposition integral, which also

deseribes an input-output relationship for a system. The superposition
intearal rquiresthesep response o) to characerzethe system behavior.

We plan to derve the superposton integral in two difrent ways

The simplest is examined first. We begin with the excitation-response
relationship R5) = E(s) H) | (.128)

Multiplying and dividing by s gives
R(s) = —= s E(s) (7.129)



Taking inverse transforms, of both sides gives

(CYR(s)] = £ _5@ ' $ E(s)]
L §
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= -'E-(-S—:] (=15 E(s)]
L &
which then yields
(1) = «(t)*[e'(1) + (0—) A1)}
= ¢(0—) «(1) +£_E’(*r) D.t(t — 1) dr (7.131)

where ¢(1) is the derivative of e(f), e(0—) is the value of e(f) at t = 0—,
and a(t) is the step response of the system. Equation 7.131 is usually
ceferred 1o as the Duhamel superposition integral,



