Cross Spectral Density

Definition :
For jointly WSS random processes X (t) andY (t), the Fourier
transform of the cross - correlation yields the cross spectral density

Syy ()= f:o Ry (r)e”*""dr.

For jointly WSS random sequences X, andY_, the Fourier

transform of the cross - correlation yields the cross spectral density

S () = 3 Ry, [Kle 1.

k=—c0



Example 7.7
Let Y (t) = X (t)+ N(t) where N(t) isa WSS noise process with u,, =0.
In this case, when X (t) and N (t) are jointly WSS, we found that
Ry () = Ry (7) + Ry (1) + Ry (1) + Ry (7).
Suppose that X (t) and N (t) are independent, find the autocorrelation

and power spectral density of the observation Y (t).

Sol :

Ans:S, (f)=S,(f)+S,(f)



Frequency Domain Filter Relationships

) —  h(t) |—Y®

LTI system

[ h(t-t)x (t)dt

J -0

[ "“ht)yx (t-t)dt.= x (1) * h(t)

¢ —00

Time Domain : Y(t) = X(t)*h(t)
Frequency Domain : w) = V(FH(F)

where V(T) = F{X(t)},

W(F) = F{Y(t)}, and

H(f) = F{h(D)}.



Theorem 7.5

When a WSS stochastic process X (t) is the input to a LTI filter
with transfer function H ( f ), the power spectral density of

theoutput Y (t)is S, () =|H ()| S, (f).
When a WSS random sequence X Istheinputtoa LTI filter

with transfer function H (¢), the power spectral density of
theoutputY, is S, (¢)=|H (gb)\2 S, (¢).



Example 7.8
A WSS stochastic process X (t) with autocorrelation function

R, (7) = e " js the input to an RC filter with impulse response

(0) = {(1/RC)e"’RC t>0,

0 otherwise.

Assumeb>0andb #1/RC,find S, (f)and R, (z), the power
spectral density and autocorrelation of the filter output Y (t).
What is the average power of the output stochastic process?

Sol 2b(1/ RC)? erv2 (o) - HRC

Ans:S, (f)= 5 5 ST
[(27F )" + 1/ RC)“][(2#f ) +b~] b+1/RC



Example 7.9

The random sequence X, has power sepctral density S, (¢) =2+ 2cos(27¢).
This sequence is the input to a filter with impulse response

1 n=0,

h =<-1 n=-1 1,

n

0 otherwise.

Derive S, (¢) , the power spectral density function of the output
sequenceY,. Whatis E[Y *]?

Sol - Ans:S, (¢) = 2+2cos(6r¢), E[Y]=2



Theorem 7.6

If the WSS stochastic process X (t) is the input to an LTI filter with transfer

function H(f),andY (t) is the filter output, the input - output cross power

spectral density function and the output power spectral density function are
Syy (F)=H(T)S, (1), Sv(f):H*(f)va(f)-

If the WSS stochastic process X is the input to a LTI filter with transfer

function H (¢), and Y, is the filter output, the input - output cross power

spectral density function and the output power spectral density function are

Sxy (¢) = H(9)S4 (¢), S, () =H"(4)Sx (9).
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