Exponential random variable

Definition: A continuous RV is called exponential with parameter A > 0 if

its probability density function is given by

e ™M x>0

0, r <0

Features of f(x)

e Properly normalized:

/‘ \f(;t)d;t— fo Ae™Mdy = [—e™™] "= (0+1) =1

Cumulative distribution function:

e Evaluation:




Uniform random variable
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Example:

Now consider a random variable X with a probability density
function:
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Example:

X = Acos(ar, + @) ¢ 1s a uniform random variable: [ —m. 7]
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(b) Variance
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Gaussian random variable
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Evaluating Probabilities for Gaussian Random Variables

Relations:
"L'—Hn" I—Hi"
F_(x)=Prl X = —I—G
(=Pl d]=a[ g1
where
2 Olv)=1-®(y)=—= 2 >
ml ol ==l

Due to symmetry of the Gaussian density:

d(-v)=0(r) Q(-z)=1-0(z).

These functions are tabulated.
Approximation: when v = 2, the QQ function can be written as
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Example:
A random variable X i1s Gaussian with a mean value of m and a
standard deviation of o

a) Find Pr[m-20<X <m+20].

Prim—-20<X <m+20|=1-Pr|X <m—-20|-Pr|X >m+20]

m+20-n
=1—2P1~[X>m+2a]=1—2Q[m 2 ’”]
O

=1-20(2)=1-4.56x10"" = 0.9544.

b) Given that mean m = 5 and variance o> = 64, determine the
probability Pr[m—oc<X<sm+ o].

Since m = 5 and o= 8, we need to determine:

Pr[-3< X <13]=1-Pr[X <-3]-Pr[X >13]=1-2Pr[X >13]

[3—5
:1—2Q( - J:l—zQ(l):1—2><0.15L)=O.682.
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Evaluating Probabilities for Gaussian Random Variables
Using the “Error Function”

Relations: ‘\
l: —my 3\
j 20° dz—l[lﬂert EWJJ
, / 2
where
erf ( = dz and erf (—y)=—erf(y)
=zele |

A '“complementary error function™ 1s sometimes also used:

elfc e f!l_:— — erf (1
J— f ; ()

The “complementary error function™ 1s related to the Q function:

O(v)= % erfc(%]

Both “ert” and “ertc” are available in MATLAB.




Example:

A random variable X i1s Gaussian with a mean value of m=1 and
variance 02 = 6.25.
Find (a)Pr[X <1.7] (b)Pr[X<0.2] (c)Pr|X >3.5]
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Triangular random variable
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Bi-dimensional random variable

 Two random variables X
and Y have a common
probability density
functions as :

fxv (X, Y) — Ce_(xz+y2)

(X)Y) =2 fy(X,y) Is the
probability density
function of the couple
(X.Y)

o Example:




Interpretation of joint PDF as probability:

Fex, (3.0,
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Bi-dimensional Random variables

 Cumulative functions:

Foy (%) =P(X <xY <y)= HfXY(x y)dxdy
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« Marginal cumulative distribution functions

X +00

Fy (X) = Fyy (X,+00) = I _‘- fy v (X, y)dxdy +00
o fy (u)= j fyy (U, v)dv

+o0 Y

R (Y) = Fyy (o0, y) = | j fuy (X y)dxdy

. Marginal probability density functions ()= | fx (uv)du




Interpretation of marginal pdf as a projection:

Ix (%)

Jxx, (4.7, J




Example:
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