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Channel Models

e Discrete Memoryless Channel
— Discrete-discrete
 Binary channel, M-ary channel
— Discrete-continuous
* M-ary channel with soft-decision (analog)

— Continuous-continuous
e Modulated waveform channels (QAM)



Discrete Memoryless Channel

» Discrete-discrete
— Binary channel, M-ary channel .

Probability transition matrix

_P(Y:yllxle) : :
- P(Yi |Xj): pji

pq—lQ—l_




Discrete Memoryless Channel

 Discrete-continuous
— M-ary channel with soft-decision (analog)

output )
AWGN 0
—(y—x )2 /20?2 Xl
PY | %) :ﬁe X,
pyIX=x)]
p= Xg-1
PCY | X =X%,)




Discrete Memoryless Channel

e Continuous-continuous
— Modulated waveform channels (QAM)
— Assume Band limited waveforms, bandwidth =W
o Sampling at Nyquist = 2W sample/s

— Then over interval of N = 2WT samples use an
orthogonal function expansion:
{+)

X(t) V - y(t)
= ZN: X. . (t) (0 = Z y; T; (1)

= ZN:ni fi (t)




Discrete Memoryless Channel

« Continuous-continuous
— Using orthogonal function expansion:

{(+) - ()

X(t) ' '
\T/ = Z y; i (B)

= ; X T,(t) n(t) -
_ ZN: n f. () = Z {[OT y(t) fi*(t)dt}fi (t)

3 T+l @ctf, @
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ZN:[Xi +ni]fi (t)




Discrete Memoryless Channel

e Continuous-continuous

— Using orthogonal function expansion get an
equivalent discrete time channel:
Yo =%+ h 0 Gaussian noise
X, Ya
~ 1 5 5 Y,
_ —(Yi—Xi)"/20;
pCy; %) = € ’
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Capacity of binary symmetric channel

« BSC X ={01} Y={01}




Capacity of binary symmetric channel

e Average Mutual Information

1(X:Y)=P(X =0)P(Y =0| X =0)log PW;(S'_);):O) .
P(X =0)P(Y =1| X =0)log P(sz(ille): 0. ...
P(X =1)P(Y =0 X =1)log P(YPTYOLE):D e

P(Y =1| X =1)

P(X =1)P(Y =1| X =1)log o -1

) ) ) 1-p
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) p
P Rl P =0+ pP(x =)

P(X =1)1- p)log pP(X =0)+ (1 - p)P(X =1)



Capacity of binary symmetric channel

e Channel Capacity is Maximum Information
— earlier showed: max(1(X;Y)) < P(X =1) =P(X =0) =%

) o o 1-p
C = max(| (X,Y))—{F’(X =0){1=p)log (1- p)P(X =0)+ pP(X =1) i

) p
P Rl X~ a—pP(x =D '

) p
P =Rl P — o)+ pP(x =)

P(X =1)(1- p)log pP(X =0)+(L- p)P(X :1)}

P(X=1)=P(X=0)=3 1- P

=(1-p)log2(1-p)+plog2p



Capacity of binary symmetric channel

e Channel Capacity

— When p=1 bits are inverted but information is perfect if
Invert them back!

i . e
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Capacity C
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Capacity of binary symmetric channel

— Binary PAM signal (digital signal amplitude 2A)

A g(t) ﬁ
’ f |
— Al [—9®)\-a() —g(t)

l\
AGWN /

o Effect of SNR on Capqity

1 —(r=/&,)?IN
p(r|s,) = ——==e VAV
VN,

1 e_(H‘/g_b)Z/NO

p(r|32):W



Capacity of binary symmetric channel

o Effect of SNR
— Binary PAM signal (di%al signal amplitude 2A)
N S,
A g(t) ﬁ
I I
~A g(t)v(t) \g(t)




Capacity of binary symmetric channel

o Effect of SNR
— Binary PAM signal (digital signal amplitude 2A)

R, =%P(e|81)—|—%p(e|82)

28,
i

Qly25NR, )=Qly27,)

1
Q[ZA ZNO)




Capacity of binary symmetric channel

o Effect of SNR
— Binary PAM signal (digital signal amplitude 2A)

N, Not sure about this
Does It depend on bandwidth?

rms noise=o =

N

SER
O I'ms nolse



Capacity of binary symmetric channel

o Effect of SNR
— Binary PAM signal (digital signal amplitude 2A)

Amplitude
P=p=0Q|1
o = P Q(Z rms noisej

1 (1 Amplitudej

= —erfc
2 J2 rms noise

2

C=(1-p)log2(1-p)+ plog2p P



Capacity of binary symmetric channel

o Effect of SNR
— Binary PAM signal (digital signal amplitude 2A)

SNR Pb
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Capacity of binary symmetric channel

o Effect of SNR
— Binary PAM signal (digital signal amplitude 2A)

C=(1- p)I0922(1 p)+ plog,2p

R — 3 1, fc(l Amplitude j

2 J2 rms noise
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Capacity of binary symmetric channel

» Effect of SNR,
— Binary PAM signal (digital signal amplitude 2A)

o C=@1-p)log,2(1-p)+plog,2p
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Channel Capacity of Discrete
Memoryless Channel

» Discrete-discrete
— Binary channel, M-ary channel .

Probability transition matrix

_P(Y:yllxle) : :
- P(Yi |Xj): Pji

pq—lQ—l_



Channel Capacity of Discrete
Memoryless Channel

Average Mutual Information

X3

EEE P(Y =y, | X =x,)
1(X:;Y) = P(X =x,)P(Y =y, | X =x;)log ’
j=0 i=1 P(Y = yj)
o5 Py | x;)
= P(x;)P(y; | x;)log )
=0 1=1 P(yj)



Channel Capacity of Discrete
Memoryless Channel

Channel Capacity 1s Maximum Informatlon

Occurs for P(x;) = p,forall |
onlyif P= symmetrlc |
Otherwise must work out max P (X

'_\

£ P(Y =y, X =X))
Y P(X =x,)P(Y =y, | X =x;)log ,
=1 P(Y:yj)

=0 |

q-
C =max(1(X;Y)) ma{

P(xj)

_ S Py X))
= max (JO;P(X,-)P(inX,-)Iog ) ]

P(x,)20, & P(x;)=1
j=0



Channel Capacity Discrete
Memoryless Channel

e Discrete-continuous y
e Channel Capacity |

C =max(I(X;Y))= max(z_[ P(X=x)p(Y=y|X = x)|ogp( =YX =x) yj

o " p(Y = y)
where
q-1 - X =, _
p(Y =y) =D P(X =x)p(Y =y| X =x,) p(y| )
=0 P:
p(y| X =x,)
AN




Channel Capacity Discrete
Memoryless Channel

+ Discrete-continuous y
e Channel Capacity with AWGN

1

p(Y|Xk)=E

o~ (=% 1207

1 o (-x)2 1267

q-1 .. 2 2 A/
C — max ZI P(X _ Xi) 1 e_(y—xi) 120 |Og = 27O dy
P(Xi) i=0 —0 271-6 Z P(X — X) 1 _(y_Xi)Z/ZGZ
i=0

e
\2no




Channel Capacity Discrete
Memoryless Channel

« Binary Symmetric PAM-continuous »
e Maximum Information when: |

P(X=A)=P(X =-A) =1

2 2
1 zeZA /20 o ) ,
_1 -y /20
€=z 2ro 100 /20" | g A 120" L"e W
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Channel Capacity Discrete
Memoryless Channel

e Binary Symmetric PAM-continuous
e Maximum Information when:

1O
2 2 08
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Channel Capacity Discrete
Memoryless Channel

e Binary Symmetric PAM-continuous

Capacity C and BEF
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Discrete Memoryless Channel

e Continuous-continuous
— Modulated waveform channels (QAM)
— Assume Band limited waveforms, bandwidth =W
o Sampling at Nyquist = 2W sample/s

— Then over interval of N = 2WT samples use an
orthogonal function expansion:
{+)

X(t) V - y(t)
= ZN: X. . (t) (0 = Z y; T; (1)

= ZN:ni fi (t)




Discrete Memoryless Channel

e Continuous-continuous

— Using orthogonal function expansion get an
equivalent discrete time channel:

=X +n _ _
=Xt e Gaussian noise
X, Yi

~ 5 5 Y,
p(Y. | Xi) — 1 e—(yi—xi) 120 |

2no,




Discrete Memoryless Channel

1

» Continuous-continuous PO =
» Capacity Is (Shannon) 0 Q - Y0
1 = iM;Xi fi(t) " = %‘,Yi 10)
C=Ilmmax—I1(X:Y S n
Towo p(x) T ( ’ ) 2050
N =2WT
X
I(XN ;YN) :jx j jj p(yN |XN)p(XN)IOg p(yN | N) dXNdyN
" Yy p(Yy)

ST oly 1) 0 ) Tog PO o g
iZzl’,f_ooj_w|o(y.|><.)|0(><,)og NI



Discrete Memoryless Channel

e Continuous-continuous
e Maximum Information when:

1 e—xizlzaf Statistically independent
zero mean (Gaussian inputs

p(x;) =

2no,

0
2
:EN log| 1+ 20,
2 N

0
2

—WT Iog(l+ 20, j
NO

th XY )= S 2log| 14+ 2%
en max , = » -log| 1+—=
nax | (Xy; Yy) lez g 1+




Discrete Memoryless Channel

e Continuous-continuous
e Constrain average power in x(t):

P — % [ ED et

e

2
= N% e
=




Discrete Memoryless Channel

2 2
e (y _Xi) /ZUi

 Continuous-continuous PO = ﬁ
e Thus Capacity Is: 0 Q - Y
—fo(t) 0 =250
C _TII_I;?O rp(ax‘;(_ | (><N’Y ) _i;n,f,(t)
20°
= limW Iog(1+ :
T oo NO

=W log| 1+ it
WN,



Discrete Memoryless Channel

2 2
e_(yi_xi) 120

: i 1
 Continuous-continuous PO X = e

e Thus Normalized Capacity IS Q - Y0
C D =§:xi LN =§,yi i)
— = Iogz[1+ v ) but P, =CE&, Snio
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