Basic Properties of the Fourier
Transform

* Linearity Property: Given signals x, (t)and x, (t) with the
Fourier transforms

F [x (O] = X, ()

| F [x,(0O]=X,(f).
The Fourier transform of 1S

ax, (t) + BX, (1)
F [ax (t)+BX{)]=aX (f)+BX,(f).



e Duality Property:
If X (f)=F [x(t)], then x(f)=F [X(=t)]and x(- f)=F [X(t)].

Proof:

F [X(-t)]= i X (—t)e 12" dt

_ °° X (t)e!? dt
= x(f).

F [X(t)]= i X (t)e 12" dt

= [~ X (0)ei* "t
= x(-f).



e Time Shift Property: A shift oft in the time origin causes a phase shift of
in the frequency domain. 27Z'ft

F [x(t-t,)]=e'2""F [x(1)].

Proot:  F[x(t—t,)] = fo X(t—t,)e 2" "dt.
t'=t—t,

Fo[x—t)]= [ x(t)e " dt

Let

— e_j27ffto I_OO X(t I)e—jZn'ft'dtl
_ e—j27rft0|: [X(t)] _ e—j27tft0 X ( f )



e Scaling Property: For any real , We haye. 0

F [x(at)] = — X (ij

e Proof: ‘a‘ a

Casel: a>0 . |
F [x(at)] = j x(at)e 1% dt.

Lett':af we have
dt = (1/a)dt"
1 e NA—j2r(fla)t g4 1 f
F [x@)]==[ x(t)e dt'==X|—|.
a+“ a a
Case 2: a<0 ) |
F [x(at)] = j x(at)e 1% dt.

t'=at
Let at we have dt = (1/ a)dt

F [x(at)]= i j: x(t")e 1r (gt = Y (ij



= Convolution Property: If the signal X(t)andy (t)both possess Fourier
transforms, then

oot F X0 * y(O]=F [x(O] F [y(0)]= X (f)Y(F).
Convolution X(t) * y(t) = J‘jo x()y(t—7)dr
F x®)*yol=]" ( [" x@)y —f)df)e—izf”t dt

- [ x@) ( [ ye —T)e_jZ”ftdt) dr

- O:O X(7) (e‘jZ”ffY(f)) dr

=Y(f) j:x(z')e_jz’mdr
= X(f)Y(f).



e Modulation Property: The Fourier transform Qtt) ejznfofbc( ( f_f () ., and the
Fourier transform of

is X(t) COS(Zﬂ' fOt) — X(t)%(ejzﬂfot + e—j27z' fot )

1 1
X(F= )+ 2 X(f + £,).

Proof:

F [X(t)ejZﬂfot]: [ X(t)ejZEfote—jZﬂft dt

= [ x(t)e iz gt

=.X(f—f0).



= Parseval’s Property: If the Fourier transforms of X(t) and y(t) are denoted by
d , respectively, then
X(FJ%y 5y PR

[ x®y @dt=]" X(F)¥'(f)df.



e proof:

|, x®y ©dt=

o —00 o —

(Fxea) [y afa

7X@ Y () e et dv

" X@Y ([ et v

X (U)Y () Su—Y)dvdu

.o; X (U)Y*(u) 5(u —V) dv du

o —00 o —

_O:O X (u)Y " (u)du

°:X(f)Y*(f)df.



e Rayleigh’s Property: If X(f) is the Fourier transform of x(t), then

Proof: ji Ix(t)[ dt = jfo X (f)[ df .

[~ x@f dt=]" x®x"(t) dt| [T x(H)x (fydf =[x (£)f df.




e Autocorrelation Property: The (time) autocorrelation function of the
aperiodic signal x(t) is denoted byRX (T)and Is defined by

R (z) = | T x(t) X (t—7) dt.
The autocorrelation property states that

FIR@1=|X ().

e Differentiation Property: The Fourier transform of the derivative of a signal
can be obtained from the relation

F [%x(t)}: j2r f X ().



Integration Property: The Fourier transform of the integral of a signal can be
determined from the relation

U x(f)df} Xz(ff) —X(O)5(f)

27

Moments Property: ff P((t) X(f) thenf t" x(t)dt: the nth moment
of x(t), can be obtained from the relation -

j tx(t)dt—(z j ;fnnX(f)

f=0



TABLE 2.1 TABLE OF FOURIER TRANSFORMS

Time Domain (x(t)) Frequency Domain (X (f))
3(@) 1
1 8(f)
8@t —ty) e~ i2nf
el ht 8(f — fo)
cos(27 fot) 18(f = fo) + 38(f + fo)
sin(27 fot) —%S(f + fo) + %;S(f - fo)
1, |t] < %
ne) =4 3, t==%; sinc(f)
0, otherwise
sinc(?) I1(f)
t+1, -1<t<0 ;
A)y=< —t+1, 0<t<1 sinc?(f)
{ 0, otherwise
sinc?(7) A(f)
e y_1(1),a >0 a+}+nf
te ®u_1(t),a >0 m
el -
a*+Q2nf)
e—m2 e-—7rf2
1, t>0
sgn(t) =< -1, t<0 1/(jnf)
{ 0, t=0
u_1 (1) 16() + 5
&'(2) ’ j2nf
8™ () (2nf)"
: —jmsgn(f)

ST 8 — nTo)

n=

% w8 (f — )




