Properties of the Fourier
Transform



Basic Properties of the Fourier
Transform

* Linearity Property: Given signals X (t) and X,(t)with the
Fourier transforms

F [x()]=X.(f)
F [x,(0)]=X,(f).
The Fourier transform of o (t) + £, (1) is

F [ax (t)+B8X,O)]=aX (f)+BX,(1).



* Duality Property:
If X(f)=F [x()], thenx(f)=F [X(-t)]andx(—f)=F [X()].

Proof:

FIX(0]=] X(-t)e > "dt

=" X (e’ "dt
= x(f).

FIX®I=] X(te > "dt

=" X (e dt
=X(—T1).



e Time Shift Property: A shift oftO in the time origin causes a phase shift of — Zﬂﬁo
in the frequency domain.

Proof: F [X(t _to)] — e—j27zft0|: [X(t)]

F [x(t—t,)]= f X(t —t,)e 27 dt.
t'=t—t,

FoIxt—t)]= [ x(t)e " dt

Let

_ o127 J‘_"O X(t |)e—j27zft'dt|
_ e—j27rft0|: [X(t)] _ e—j27zft0 X ( .I: )



Scaling Property: For any real @ # 0, we have

F [x(at)]= = X Gj

Proof: |a|
Case 1:

Leta > 0; we have - _
F [x(at)] = j x(at)e 1# dt.

t'= at dt = (1/a)dt"’
F [x(at)] = ljw x(t)e 1 #HAdt = 1y (ij
a-— a

a
Case 2: a<0 . -
F [x(at)] = j x(at)e 1% dt.

tl: .
Let at we have dt = (1/ a)dt
1 f

ooX(t |)e—j27z'(f/a)t'dt ' _ = X (_j
d d

F [x(at)]:é |

o0



e Convolution Property: If the signal X(t)andY(t)both possess Fourier
transforms, then

proof: F [X@)*y)]=F [x(t)] F [y({®)]=X(f)Y(f).

Convolution
X©)*y(t) = | x(z)y(t-r)dr
F x@©*yol=| ( [* x(@)y(- T)df)e_jZ”ﬁ dt

[ x(r)( y y(t—r)ejz”ftdt)dr

=" x(@) (e 7Y (1)) dr

=Y(f) J:X(T)e_jZ”deT
= X(f)Y(f).



* Modulation Property: The Fourier transform of x(t) el27tt is X (f —f )
and the Fourier transform of

is X(t) COS(27Z' fOt) — X(t) % (ejZﬂ'fot 4+ e—j27rfot )

1 1
S X(F =)+ 2 X(f + ).

Proof:

F [X(t)ej27zfot] [ X(t)ej27zfote—j27rft dt

= [ x(t)e iz gt

:.X(f—fo).



e Parseval’s Property: If the Fourier transforms ofX(t) and Y(t) are denoted by
X (f)andY () respectively, then

[T x®y @dt=[" X(f)Y"(f)df.



e proof:

( | X (u)eizwtdu)( IZY(V)ejZ”thV)*dt

[0 x@Y e et dve

[ x@y @dt=|"

—00

=11 x@Y (] et dv o

o —00 o —

=[" " XY @ su-Y)dvau

=" XY W su-v)dvd

o —00 o —

=" X ()Y (u)du

= [ X (f)Y"(f)ef.
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e Rayleigh’s Property: If X(f) is the Fourier transform of x(t), then

Proof: [ x@f de=[" |x(f)[ df.

[ x@f dt=[" x®)x") dt|j°;x<f)x*(f)df =[" [X()[ df.
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e Autocorrelation Property: The (time) autocorrelation function of the
aperiodic signal x(t) is denoted byR and is defined by
«(7)

R () = ji x(t) X" (t —7) dt.

The autocorrelation property states that

F IR, @1=|X(F)".

e Differentiation Property: The Fourier transform of the derivative of a signal
can be obtained from the relation

F [%x(t)}:jbzf X (f).



Integration Property: The Fourier transform of the integral of a signal can be
determined from the relation

= U_toox(r)dr}: X Ly oys(h)

j2zf 2

Moments Property: If F [x(t)] = X (f ),.thenj‘oo tn X(t)df‘e nth moment
of x(t), can be obtained from the relation —

© () d
j_wt x(t)dt_(zﬂj = X ()

f=0
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TABLE 2.1 TABLE OF FOURIER TRANSFORMS

Time Domain (x(¢)) Frequency Domain (X (f))
3(t) 1
1 8(f)
8t — tg) el
el2n ot §(f — fo)
cos(27 for) 38(f — fo) + 38(f + fo)
sin(27 fo) —58(f + fo) + £8(F — fo)
1, <3
ne) =4 3, t==;3 sinc(f)
0, otherwise
sinc(t) I1(f)
t+1, ~-1<t<0
A(t)={—t+1,05t<l sinc?(f)
0, otherwise
sinc” (¢) A(f)
e y_1(),a>0 w
te ™ u_1(t),a >0 61712_73'37
e~V O
e—:ﬂ'n‘2 _ e—:rrf2
1, t>0
sgn(r) = { ~1, 1<0 1/(jnf)
0, =0
u_1 () 18D+ 72
&'(¢) j2nf
8™ (1) (2 f)"
! —jmsgn(f)

t
S T8t —nTp)

% L8 (f = %)
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Table 4: Basic Continuous-Time Fourier Transform Pairs

Fourier series coefficients

Signal Fourier transform (if periodic)
+o0 +00

Z el Fwot 27 Z apd(w — kwo) ay
k=—o0 k=—00

jwot Sl on ay = ].
g 2l — ) ap =0, otherwise
cos wot m[é(w — wo) + 06(w + wo)] B =ly=5
o 0 0 ap =0, otherwise
T
. e < ay = —a-1 = 37
sin wot —0(w —wp) — 0(w+ w 5 J
“0 j[ (W = wo) (W wo)) ap =0, otherwise
ag=1, apg=0; k#£0

F(E)=11 270 (w)

>0

this is the Fourier series rep-
resentation for any choice of

Periodic square wave

J‘(f,) . { 1 |l“ < Ty

0, i<t|<Z

—+00 ;
2sin kwoTy
Z —1O(w — kwo)

woli . (konl ) sin kwoT
sinc =

k L4 ™ km
and o
x(t+T) =x(t)
+00 Foo
) 27 = 27k i
Z o(t —nT) T 0 (w -7 ) a = 5 for all &
n=—oo ]\/:_')C
: L <t 2sinwT}
o0 { 0, lt|>T w
sin Wt T 1, e <W
o(t) 1
1 R
u(t) — +7o(w)
jw.
(5(1‘ = to) G_]UJfO
i
e~ u(t), Rela) >0
1(t), Re{a} — le
te”%u(t), Refal > 0 :
- (t), Re{a} PERTL
e " ul®), L ece, pee
Re{a} >0 (a + jw)"
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Table 3: Properties of the Continuous-Time Fourier Transform

x(t) = (1_/ X(jw)e'tdw
o0

X(jw'):/ x(t)e 9t dt

Property Aperiodic Signal Fourier transform
(1) X(jo)
y(t) Y(jw)
Linearity ax(t) + by(t) aX(jw)+ bY (jw)
Time-shifting x(t —to) e~ X (juw)
Frequency-shifting eI (t) X(j(w —wo))
Conjugation x*(t) X*(—jw)
Time-Reversal a(—t) X(—jw)
1 jw
Time- and Frequency-Scaling x(at) HX (1—)
a a
Convolution a(t) = y(t) X(jw)Y (jw)
Multiplication x(t)y(t) ‘)1 X(jw) *Y (jw)
2
{ N
Differentiation in Time ((I—t.l‘(f) jwX(jw)
t
1
Integration / a(t)dt —X(jw) +7X(0)d(w)
) Jw
l
Differentiation in Frequency tx(t) J [LX(
dw

Jw)
X(jw) = X*(—jw)
Re{X (juw)} = Re{ X (—jw)}
x(t) real Sm{X (jw)} = —=Sm{X(—jw)}
|X (jw)| = | X (—jw)|
IX(w) = —gX(—jw)

X (jw) real and even

Conjugate Symmetry for Real
Signals

Symmetry for Real and Even

Signals

Symmetry for Real and Odd . . . )
! X (jw) purely imaginary and odd

Signals

Even-Odd Decomposition for — w.(t) = Eo{x(t)}  [x(t) real Re{ X (jw)}

Real Signals z,(t) = Od{z(t)} [z(t) real]  jSm{X(jw)}

x(t) real and even

x(t) real and odd

Parseval’s Relation for Aperiodic Signals

/_j lE dbT - /_ t X (jw) [Pdes
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Fourier Transform for Periodic Signals

 Let x(t) be a periodic signal with period Ty . Let X} denote
the Fourier series coefficients corresponding to this signal.

Then

0 j27z£t
Xt)=> x,e ".
* Since N0
j27r£t
F {e o }z&[f—ij,
. TO
we obtain

= n
X(f):n;Oxn 5(1‘ —T—J.

0



* If we define the truncated signal X; (t) as

x(t), —=2<t< T
X (t) =1 2 2
| 0, otherwise.

we may have

X =3 %, (t-nT,)

=X (t)* i o(t—nT,).



e By using the convolution theorem, we obtain

X(f):XTO(f){ 25 f——ﬂ

() N=—00

.
-3 Z x| 17

N=—00

5 2x[ )17

Comparing this result with X(f)= N X O f_ﬂ’
(1= 3 x5{ 17

N=—00

we conclude
X, = i X; n .
T, °UT,



e Alternative way to find the Fourier series coefficients. Given the periodic
signal x(t), we carry out the following steps to find

1. Find the truncate)é”signal

2. Determine the Fourier transform X; ('[) of the
0
truncated signal.

3. Evaluate the Fourier transform of the truncated signal XT ( f )
0
at]c _ N, to obtain the nth harmonic and multiply by }/
— T
0

T




e Example 2.2.3: Determine the Fourier series coefficients of the signal x(t)

shown in Figure 2.2.

x(r) &
= T - — T - T
1
Solution: The truncated signal is : '
—Ty —% —% Ty
t Figure 2.2 Periodic signal x(r).
X1, () =11 —
. . \ T
and its Fourier transform i
Therefore, ]
X; (f)=7sinc(z f).
T . Nt
X, =—SINC| —
0 To
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