Digital Signal
Processing- Lecture 6




Topics to be covered:

o lIR Filter Designing




Design of lIR Filters from Analog Filters

Objective: Design digital lIR filters using known analog filter results
@ Analog filter design is mature and well understood
Recall: Analog systems are defined by

_ B(s)  Yag st
HE{S} - A{E:I - Efﬂﬂﬁ-sﬁ

Or, noting that s i1s the differentiation operator,

_ f ha(t)e-*'dt  [Laplace Trans]

N
En d'y(t) Zﬁkd ()  Diferential Equation]

Approach: Map analog filters (s—plane) to digital filters (z—plane)
@ Frequency Mapping: s—domain ;T axis — z—domain unit circle
@ Stability Mapping: s—domain LHP — inside z—domain unit circle




Aside: Recall inear phase in FIR filters requires

h(n) = £h(M — 1 —n) which implies z-™-TH(z") = £H(z)

Thus roots of H(z—') and H(z) are identical
= roots are in reciprocal (complex—con).) pairs

Note: The z—™M-"H(z~") = +H(z) equality can
be shown to be a necessary condition for linear
phase

Observation: If z—M-1H(z=") = +H(z) in the
lIR case = poles and zeroes are in reciprocal
(complex—con).) pairs, i.e., there must be poles
outside the unit circle _

Zero configuration for

Result: Causal lIR filters can not have linear linear phase FIR filter
phase
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IR Filter Design by Approximation of Derivatives

Approach: Since s it is the 0 [ mges | - o
differentiation operator, define a

discrete—time approximation
Utilize the backward difference as =z | i) = v = 1)

_ ] N ) Mz =
a derivative approximation ! !
Discrete—time backward difference
difference difierentiator

dy(t) _ ¥(nT)—y(nT —T)  y(m) —y(n—1)
T T - T

Continuous—tme differentiator

Which has the system function H{z) = Equahng the operations

5= 1-z" or HI[I}: H {SH 1
T £ 5=1_:_-




z= 1:1!:1' induced s—plans to z—plane mapping

Observations:

@ Mapping yields stable filters — LHP of the s—plane — inside the
Z—plane unit circle

@ Image inside the unit circle is in right half
= No high pass filters




Example
Convert the analog bandpass filter

1
Hals) =017 +9

into a digital filter using backward difference dernvative approximation.

Utilizing 5 = 1= in the above
1

(2 +0.1) +9

T#/(1+ 02T +9.0174)

1 — 2(14+0.1T)
14+02T4+08.01T=

Given T, this reduces a simple system
1
1+az7V+az2

H{E} =

—1 1 )
£70 T 1+0.2T4+09.MT= z

H(z) =




IR Filter Design by Impulse Invanance

Objective: Design a discrete—time IR filter by sampling the impulse
response of a continuous filter

Thus if Az(t) 1s a continuous—time impulse response, set
hin) = hs(nT), n=0.1,...
Consider the sampling induced frequency domain relation

Ha(s) = L " ha(t)etdt  [Laplace Trans]

i hs(nT)e—="T
n=0

ih{n]e'“‘r = H(Z)|z—esr
n=0

Result: This defines the the s—plane to z—plane mapping z = &*7




CQuestion: What s—plane — z—plane mapping
does this perform?

Litilize z =.I"-Efm EﬂdE:IEF-I-jﬂ
representations in the mapping

I:E’ET

rEfw — EEITEjﬂT
=r=e"7 and w=0T
Observations:
@ Mapping introduces aliasing (1.e., s and (5 + jk2=x/T) — same z)
@ Zeros and poles don't follow the same mapping




IR Filter Desiagn by the Bilinear Transformation

Objective: Design a discrete—time IR filter by approximating the
integral (rather than the denvative, as before)

Suppose

H(s) = = y(t)+ay(t) = bx(t)

5+a
where y = 200 Also note that

t f
t) = y(7)dT = (7 )dT
v = [y = [y ye)

Lett =nT and f; = (n — 1)T. Then (for T small)

b /( /[t

Z((m)+ y(n— 1)




t
f y(7)dr — areaunder y(t) between f; and {
t

%{jf{n] +y(n—1)) — average of range start & end points =« width

Result: Approximately equal for small T
Thus

t -
y(t) L Vr)dr+ yito)

T . _
= y(n) s +yn=1)+yn-1) (%)

We need an expression for y(n) in (+). Recall H(s) = £ gives
y(f) +ay(t) = bx(t)
= y(n) = —ay(n)+bx(n)  (++)
Substitute (++) into ()




T . |
S +y(n—1))+y(n-1)
2

= ll-ay(n)+ bx(m)] + [-ay(n — 1) + bx(n — 1)]) + y(n — 1)

Rearranging, and then taking the z—ransform, gives

(1 +?)Hﬂ}— (1 - ?) Y1) = -2 (x(n)+x(n - 1))

Y(z) (1 - g— (1 —%) 2-1) Jﬂz}b_zru +z N

Yiz) B(1+z77)
X(z) 148 —(1-al)z-1

— H{I} —

The denominator needs to be rearranged to lend insight




The denominator i1s

1+£—{1— 5 )z z~! [EETE'_

1—%2 {1—£]1 +£|[1+z )

= 1-z1 +T{1+E_1}

Thus H(z) is expressed as

bE(1+z71)
(1-z-1)+ 3 (1+2z1)
b

=1
2iZ=)+a

Hiz)

Recall H{s]:ﬂ_ia:u ~ H(s),

s=3(ET)

Result: The mapping s = (12— :| defines the bilinear transformation




