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Topics Covered

Mathematical Modelling
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Introduction
1 Why?

) Easy to discuss the full possible types of the control
stems —only in terms of the system’s “mathematical
aracteristics”.

2) The basis of analyzing or designing the control systems.
fz What is ? y2ing JNning y

Mathematical models of systems — the mathematical relation-
ships between the system’s variables.

2.1.3 How get?

1) theoretical approaches
experimental approaches
Imination learning
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types
) Differential equations

) Transfer function
3) Block diagram, signal flow graph
4) State variables

.2 The Input-output description of the physical systems —
Ifferential equations

The input-output description—description of the mathematical
relationship between the output variable and the input variable
of physical systems.

Examples
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ample 2.1: A passive circuit

» ] define: Input — U, output — u,
[ — we have :

| :
C::lu Ri+Lﬂ+uC=uIr j=c 4

dt dt
U
dzu du,
dt* dt
2
ake: RC=T1 Ll di+u U,

dt? dt
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EXample 2.2: A mechanism

Define: input — F, output —y. We have:
2
Foky—fYomdY
dt d*t

: U
md—y+fd—y+ky F

dt? dt
If we make : il =T, m
Kk - f

=T,

d2y dy 1
we have: T,T —+T — +Vyv=—F
112 qt2 1dt y K

e with example 2.1:  u.—y, u,— F---analogous systems



hapter 2 mathematical models of systems

mple2.4: A DC motor

put — u,, output — o,

La%+Raia+Ea=ua,,,,(1) (4)~>(2)—~>(1) and (3)—>(1):

T 2) LiJ o1+ L, f T RaJ Yoo+ R T
(3) CeCm CeCm CeCm CeCm

Laﬁ RaM

+ 1)0)1

L
Ce CeCr CeCr
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J : : :
J= Jl+J22 +—>.....equivalent moment of inertia

IL 11l
3 f f : Y e
re: f=1+ 22+ 232 ...... equivalent friction coefficient
I il
My _
= . equivalent torque
Si)

(can be derived from : @, = 1@, = i11,@;)

=—2 ... electric - magnetic time - constant

....... mechanical - electric time - constant

....... friction-electric time - constant
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differential equation description of the DC motor is:

TeTm @, + (TeTf + Tm ) a1+ (Tf +l)a)1

1 1 o A
=—U, —= (T, T,, M+T,, M
Ce a J ( e’'m m )
Assume the motor idle: M= 0, and neglect the friction: f =
, we have:

2
T d—“’+Tm O =iua
dt? dt Ce

ompare with example 2.1 and example 2.2:

& o, U < F & u, ----Analogous systems
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mple 2.5: A DC-Motor control system

trigger S
rectifier

nput — u, OQutput —w; neglect the friction:

Uy = Ei(u T T T ) T oo (1)

lllllllllllllllllllll (2) Ua : kZUk llllllllIIIIIIIIIIIIII(3)
dw 1 —
+T. — 4+ =— T.T,, M+T_M)...... 4
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— (1) —» (3) — (4) , wehave:

d’e0 _ do 1 Ty = =

T—+1+kka—a) kik, —u, ——(T, M+ M
2 dt( 1Ko 5-) K2 ot J(e )
.2 steps to obtain the input-output description (differential

equation) of control systems

eTm

Identify the output and input variables of the control systems.

) Write the differential equations of each system’s component
In terms of the physical laws of the components.
* necessary assumption and neglect.
* proper approximation.

dispel the intermediate(across) variables to get the input-
ut description which only contains the output and input
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rmalize the input-output equation to be the “standard” form:
Input variable —— on the right of the input-output equation .
utput variable —— on the left of the input-output equation.
riting the polynomial—according to the falling-power order.

.3 General form of the input-output equation of the linear

control systems
—A nth-order differential equation:

Suppose:  input — r, output —y

y"W +ay " ray " vy W rany

™ by M 4 b r™M2 i rWaboron2m
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4 Transfer function

nother form of the input-output(external) description of control
stems, different from the differential equations.

2.4.1 definition

Transfer function: The ratio of the Laplace transform of the
utput variable to the Laplace transform of the input variable with
paitial condition assumed to be zero and for the linear systems,
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G(s) = =5
R(s)
(s) —— Laplace transform of the output variable
(s) —— Laplace transform of the input variable
(s) —— transfer function

tes:

Only for the linear and stationary(constant parameter) systems.
Zero Initial conditions.

Dependent on the configuration and coefficients of the systems,
Independent on the input and output variables.

.2 How to obtain the transfer function of a system

he impulse response g(t) is known
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ehave: G(s)= L[g(t)]

xample 2.8 : g(t)=5-3"" = G(s):§— 3 _2(s+9)
S S+2 S(s+2)

2) If the output response c(t) and the input r(t) are known

_ Lle)]
R L[r(t)]
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mple 2.9: r(t)=1(t) = R(s)= o Unit step function
S

1 1 3
t)y=1-e ¢ C(s)=————
o ) S s+3 S(s+3)
......... Unit step response

Then: )_C(s)_3/8(8+3)_ 3

R(S) 1/s  s+3

3) If the input-output differential equation is known

«Assume: zero initial conditions;
*Make: Laplace transform of the differential equation;
uce: G(s)=C(s)/R(s).
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mple 2.10: 2C'(f[)+ 3(:(.t)+ 4c(t) =5 r(.t)+ 6r(t)

U
25°C(s)+3sC(s)+4C(s) =5sR(s)+6R(s)
U
_ C(s) _ 5s+6
R(S) 2s%+3s+4

G(s)

4) For a circuit

* Transform a circuit into a operator circuit.
* Deduce the C(s)/R(s) in terms of the circuits theory.
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ple 2.11: For a electric circuit:

G luc —>  U(9)

3//(R2 +—SC ) —
Uc(s)— 11 21 .UF(S)° 1
Ri+—II(Ry +—) R, +——
sCy sC, sC,
b 1
T, T,5% +(Ty + T, + T )s+1

(s) = U (s) 1
U, (s) I (T T, -+ Tp)5+ 1
=R1Cq; Ty =RyCy; Ty =RiCy

'Ur(S)
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mple 2.12: For a op-amp circuit

R C R UG

SRR

cr T

L)

u
—DP> cr E::!

1

BRG) R2+§ __ Ry,Cs+1

U,(s) R, R,Cs

—k(1+ l) ................. P1-Controller
7S
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or a control system

rite the differential equations of the control system;

ake Laplace transformation, assume zero initial conditions,
ansform the differential equations into the relevant algebraic
2guations;

Deduce: G(s)=C(s)/R(s).

xample 2.13 the DC-Motor control system in Example 2.5

N\

{ r| gger
rectifier
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xample 2.5, we have written down the differential

ations P?Z:

uk=?1(ur—uf)=k1(ur—uf) .................................. (1)

Uf =Q@......cccovnnne. (2) Uy = KoUp oo (3)

2 .
T (thg) Tmo('j—“t’+a)=cieua Tn (r. M+ M).....@)
ake Laplace transformation, we have:
Uk (S) = KU (S)=U £ (S)] e, (1)
U (S)=a€2(S).ceevnnnnnnnn. (2) U, (S)=KoUp (S)eeeeeeenne (3)
1 T TS+ Ty —

T M(S)......

T.T.,5% + T, s+1)Q(s) = o U,(s)—
e
(3)—(4), we have:
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24T s+(1+k1k2ac—)]Q() klkz—U (s)—1elm j” M(s)
e

5(s)= X6) _ k1k2/c
U (s) TeTms2 +T,5+(1+kkox Ci)

e

L | ol
R_a ,,,,,,,,,,, electric—magnetic time - constant

...... mechanical —electric time - constant
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block diagram models (dynamic)

ortray the control systems by the block diagram models more
itively than the transfer function or differential equation
dels

............

...............................

Sga . X5 comonent IS
):> T : t:{>

(Va“ =N e
.................................. ke
ST, == R o "y
.................................. : 1-

X(s)
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mple 2.124  For the DC motor in Example 2.4
Example 2.4, we have written down the differential equations

La%w Ry, +Ey=U,...(1) M=C il i, (2)
Ey=Co@eovinrroonreernnane. (3) M-M = Ez—i’ﬁw ..... (4)
ake Laplace transformation, we have:
s)—E, (s
LSl (S)+ Ry 1,(8)+E,(s)=U,(s) = 1,(s)= IEaZ+RZ( S (5)
1 O (6)

Ea(s) N CeQ(S) ....................................................................................... (7)

[y
w
+
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block diagram in terms of the equations (5)~(8):
M (s)

) 1,() [T M) l

Cm—

onsider the Motor as a whole:

1 (s) Q(s)

| M
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ple2.15 The water level control system in Fig 1.8:

1
/Ce kze_zs k3 k4
kl TeTm32:|.TmS_|_1 S T13.+1 T25.+1
Sired 2 2 E E ; Act ual
er |evel 1 @ : ; ; water |evel

put h

Q Qut put h
—

Feedback signal h,

Vi
A

TTm(Tes +1) ...

M (s) “a

[IRISa T s+ 1
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block diagram model is:
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ple2.26 The DC motor control system in Fig 1.9

1

e,
T TS+ TS +1

I . Act ual

TTm(Tes+1)

M(s)

T.T,5%+ T 5+1
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block diagram model is:




