


LECTURE-2

O




TOPICS COVERED

O




—

—

S

—unction Composition and Inverse Functions

Inverse of addition: uand -u
Inverse of multiplication: uand 1/ u

Def :If f:A> B, then fis said to be bijective, or to be a
one-to-one correspondence, if f is both one-to-one and onto.

nust be |A|=|B| : \
it o0 =Y 2
ut could be 3 \
]
AcBorBc A
A




Function Composition and Inverse Functions

Def 1:The function 1, : A— A,defined by1l,(a)=a
for all a € A,is called the identity function for A.

Def. 2:1f f,g:A —> B,we saythat f and g are equal and write
f =g,if f(a)=g(a)for all a e A.

Ex.lLet f:Z > Z,g:Z—> Qwhere f(x)=x=g9g(x)Vxe Z
Yet, f = g!f isaone -to-one correspond ence, whereas (¢ is

one -to - one but not onto.

Ex. 2 f,g:R — Z defined as follows

f(x) = XA xez (x) = [x] for all x e R, then f =
“x]+1if xeRr-z 2V TR = -9




Function Composition and Inverse Functions

Def.:If f : A—> Band g: B — C, we define the composite
function, which isdenoted go f : A— C,by (go f)(a) = g(f(a)),
foreacha e A

Ex.1
(9o F)W)=9(f () =g(a)=x, gf () =x, gf (3) =y, gf(4) =z




Function Composition and Inverse Functions

Ex.1:Let f,g:R — R be defined by f(x)= x?,g(x)=x+5.
Then go f(x)=9g(x?)=x°+5,whereas fog(x)= f(x+5)-=
(x + 5)°. Therefore, the compositio n is not commutativ e.

Theorem Let f:A—> Band g:B —> C
(@) If f,g are one -to -one, then g o f is one to one.
(b) If f,g are onto, then g o f is onto.




Function Composition and Inverse Functions

Ex. Let f,g,h:R = R where f(x)=x%,g(x)=x+5,h(x)=
VX2 +2.Then ((hog)o f)(x)=hg(x*)=h(x*+5)=
J(X2+5)2+2=(h°(9° £))(x) = h(g(f(x)))

Theorem If f:A—> B,g:B—>C,h:C —> D,then (hog)eo f =

ho(go f).
h(gf)




Function Composition and Inverse Functions

Def. If f: A > A we define f'= f,and for ne Z*,
fn+1= fo(fn),

Ex. A = {1,234}, f:A—> Adefined by f ={(1,2), (22),
(3,1), (43)}. Then 2= 1o f ={(1,2),(2,2),(3,2), (4,1)},
f°3=4(12),(2,2),(3,2),(4,2)y = f",n>3

Def. If f: A —> B,then f is saild to be invertible if there is a
function g :B — Asuchthat go f =1,and fog =1,




Function Composition and Inverse Functions

Ex. f,0 :R —> R, f(x):2x+5,g(x):%(x—5).Then
gf (x) = g(2x+5):%(2x+5—5):xand fg (x) = f(%(x—S))

= 2[%(x —5)]+5 = x.f and g are both invertible functions

Theorem . invertible  function of f : A — B is unique.

Proof :If h:B — Als also inverse of f,then ho f =1, and
foh=1,.Consequent |y, h=hol, =ho(fog)=(hof)og =
l,og=g.

(Since it is unique, we use f ' to represent the inverse of f.)




Function Composition and Inverse Functions

Theorem A function f : A — Bis invertible if and only if
It IS one - to - one and onto.

Theorem If f: A — B,g:B — C areinvertible functions, then
go f : A— Cisinvertibleand (gof)* = f *og™.

How to find the inverse of a function?
EX. f:R>R={(x,y)|y=mx+Db}

£4={(x,y)|y=mx+b}° ={(y,%) | y = mx + b} ={(%, y) | x = my + b}
—{(x, y)|y=%<x—b)}. f—l(x)=%(x—b)




Function Composition and Inverse Functions

Ex.f:R > R",f(x) =e*.f isone-to - one and onto.
F={xyy=e3F ={(y,x)|y=e}={(x,y) [ x=¢"}
={(x,y)|y=Inx}... f*(X)=Inx

Theorem Let f : A — B for finite sets Aand B, where

| A|=| B |. Then the following statements are equivalent :
(a) f Isone-to-one

(b) f isonto

(c) f isinvertible.




Application & Scope of research

Composition of Functions : Word Problems using
Composition




